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Abstract 

Let G be a 1-connected, almost-simple Lie group over a local field 
and S a subsemigroup of G with non-empty interior. The action of the 
regular hyperbolic elements in the interior of S on the flag manifold 
G/P and on the associated Euclidean building allows us to prove that 
the invariant control set exists and is unique. We also provide a char- 
acterization of the set of transitivity of the control sets: its elements 
are the fixed points of type w for a regular hyperbolic isometry, where 
w is an element of the Weyl group of G. Thus, for each w in W there 
is a control set and W{S) the subgroup of the Weyl group such 
that the control set D^j coincides with the invariant control set Di is 
a Weyl subgroup of W. We conclude by showing that the control sets 
are parameterized by the lateral classes W{S)\W. 

Contents 

1 Semigroups and Control Sets 

2 Buildings 

3 Geometric Realization of Buildings 

3.1 Spherical Buildings 

3.2 Euclidean Buildings 

3.3 The Geometry of Euclidean Buildings 

3.3.1 The Building at the Infinite 

4 Algebraic Groups over Local Fields 

4.1 The spherical building of a algebraic group 

4.2 The Euclidean building of a algebraic group over a local field 

4.3 The action of G in A^; 

4.4 The action of G in [A^;] 



1 



Semigroups and Control Theory 

5.1 Subgroup W{S) 



2 



1 Semigroups and Control Sets 



Our purpose in this text is to study a particular class of semigroups: namely, 
the semigroup of a Lie group over a local field. This task will be tackled 
in an essentially geometric way, by means of a detailed study of the action 
of the semigroup in a suitable space. This approach leads to a rich theory 
that relates the semigroup to the control sets. We begin with some basic 
definitions: 

Let X be a topological space and C {X) the group of homeomorphisms 
of X, a semigroup (of homeomorphism) is a set 5 C C(X) closed under 
composition. 

Let <S be a semigroup of homeomorphism of X and x a point in X. The 
set Sx = {gx e X : g e S} is called the orbit of x by the action of S. We 
refer to the closure cl{Sx) of Sx in X as the approximate orbit. A subset 
of X is «S-invariant if SD C D. 

We say that the action of 5 on a set A C X is approximately transi- 
tive if ^ C c\{Sx) for all x e A. 

Definition 1 A control set for S in X is a subset D C X which fulfills 
the following conditions : 

1. D C c\{Sx) for all x G D; 

2. D is maximal with respect to the first property; 

3. int D 7^ 

The first two items of the previous definition of control set say that these 
sets are maximal among all sets where the action of S is approximately 
transitive. 

We introduce the following partial ordering between control sets: Di is 
smaller than D2 if there exist x & D\ and s G <S such that sx & D2. A 
maximal control set with respect to this ordering is called an invariant 
control set ,which is clearly »S-invariant. 

We define the set of transitivity as 

Do = {xe D -.x e int(5~^a;)} 

Proposition 2 Let S be a semigroup of homeomorphisms with non-empty 
interior, D a control set for S in X and Dq the set of transitivity of D. 
Then the following hold: 
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1. Dq = mt{Sx) for all x £ Dq 



2. d{Do) = D 

3. For any x,y £ Dq there is s £ S with sx = y 

We point out that item (3) above is the reason why Dq is cahed the set 
of transitivity of D. 

When the topological space X is compact, an application of Zorn's 
Lemma yields the existence of an invariant control set D. 

In the very special case in which S C G, with G a semi-simple Lie 
group, San Martin has developed a powerful theory relating the semigroups 
and the control sets in the flag manifold G/P. Among others results San 
Martin proved that if int(iS) ^ then there is a unique control set in G/P, 
and that for each element of the Weyl group w (zW there exist a control set 
Du, on maximal flag G/P, whose elements of the set of transitivity are fixed 
points of type w, for some regular h. For more information and another 
results see [Sanlj . |San2| . |San3| and [ST] . 

We extend these results for algebraic groups over a local field. 

In sections [H [3] and HI we introduce the basic concepts and definitions 
used in this work. Since those are quite extense, the presentations is some- 
how schematic form. In each of these sections we point our basic biblio- 
graphic source but warn the reader that, due to notations used in different 
contexts, the notations used in this work may differ slightly from the usually 
adopted in the indicated bibliographical resources. 

2 Buildings 

The basic bibliographical resource we used for this section are [Broj and 

Let / be a finite set of indexes. A Coxeter matrix M = {niij) is a 
square matrix with values in N U {oo} such that rriij = 1 if and only if i = j 
and rriij = rriji. 

A Coxeter matrix defines a Coxeter group of type M, the group W{M) 
defined by the presentation 

W{M) = {n : rf = (rirjr^^ = l,Vi,i € /> 

To simplify the notation we denote W{M) by W wherever it is clear 
which Coxeter Matrix is been referred to. 
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We can see identify the set of indexes / with the the set {r^ : i € /} of 
order two generators of W and call the pair (W, I) a Coxeter system. 

A special subgroup of a Coxeter group W with generators J is a 
subgroup W{J) generated by a subset J C /. A special coset is a coset 
wW{J), determined by a special subgroup W{J). 

We describe now the chamber complex system, the Coxeter complex 
associated to a Coxeter system, which plays a crucial role in this work. Let V 
be a poset with the usual inclusion order. Let A be a family of finite subsets 
of V containing every singleton {v} C V and satisfying the condition that, 
if A € A and B A then € A. Such a pair (V, A) is called a simplicial 
complex and A a family of simplices. Given simplices i? C A € A we 
say that S is a face of A. 

The cardinality r of a simplex A is said to be its rank and r — 1 is 
called the dimension of A. Two simplices A,B in a simplicial complex A 
are adjacent if they have a codimension 1 face. A gallery is a sequence of 
maximal simplices in which any two consecutive ones are adjacent. 

We say that A is a chamber complex if all maximal simplices have the 
same dimension and any two can be connected by a gallery. The maximal 
simplices are called chambers. We say that a chamber complex A is 
labelled by a set /, if there is a surjective function : y — > / that restricts 
to a bijection in each chamber. 

Given a Coxeter group W{I), we consider the set of all special cosets 
S = 'E{W,I). We define on S a partial order inverse to the inclusion: 
W{J) < W{L) if L C J. The posets (S, <) and {V{I), C) are isomomorphic 
and thus a simplicial structure can be induced on E, thus called the Coxeter 
complex of {W,I). The maximal elements in T,{W,I), are called chambers. 
They are precisely the minimal special cosets, i.e., the sets with exactly one 
element w with w W. The adjacency relation is determined as follows: 
wi ~j W2 iff wi = riW2 with ri E I,. We remark that every Coxeter complex 
can be labelled by /, the set of generators of W. When considering the usual 
action of W in the set of its cosets by left product, we have that: 

Proposition 3 fiftt]/ 

1. The group W acts on T,{W,I) by type-preserving automorphisms. 

2. The action of the group W is transitive on the collection of simplices 
of a given type. 

Definition 4 A building is a simplicial complex A, together with a family 
A of suhcomplexes (called the set of apartments), satisfying the following 
axioms: 
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1. Each apartment S is a Coxeter complex. 



2. For any two simplices A, B & A, there is an apartment S containing 
both of them. 

3. If E and S' are two apartments containing A and B, there is an iso- 
morphism E — > S' fixing A and B pointwise. 

4. Every codimension 1 simplex is a face of at least three chambers (thick- 
ness axiom). 

It is clear, by Axiom B2, that every two apartments arc isomorphic. It 
also implies that two maximal simplices A and B have the same dimension 
and can be connected by a gallery in the apartment S containing both of 
them, and so A is a chamber complex. Furthermore A is a labelled chamber 
complex labeled by /, the set of generators of the Coxeter group of any given 
apartment S. The isomorphism of apartments S ^ S' postulated in Axiom 
B2 can be regarded as a label-preserving isomorphism. 

Any collection A of apartments S satisfying the former axioms is called 
a system of apartments for A. It's well known that the apartments 
are convex, i.e., given two chambers of S, then every minimal gallery of A 
connecting these chambers is contained in E. 

Let A be a building, A a system of apartments for A and G a group acting 
on A by simplicial label-preserving automorphisms that leave A invariant, 
i.e., iiT, e A then gT, G A. 

We say that the action of G is strongly transitive if G acts transitively 
in the pairs (S, C), with C G S, in other words, if G is transitive in the set of 
apartments and the stabilizer of an apartment is transitive on the chambers 
of S. 

Henceforward we assume that G acts strongly transitively in A, and 
chose Eq G v4 and Co G Eq, called the fundamental apartment and the 
fundamental chamber, respectively. 

The following subgroups of G is of particular interest: 



W 



N 



B 



T 



{5 G G : ffCo = Co} 

{geG:gT.o = Eo} 

{5 G G : g fixes Eo pointwise} 

N/T 



(1) 
(2) 
(3) 
(4) 
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Given J C / we define Pj C G as the subgroup of G generated by 
< W{J) >, wfiere W{J) is tlie special subgroup with generators indexed 
by J. A face of type J is a simplex of A with vertices labelled by J. 

The following proposition, although not directly cited in the continuation 
is crucial in many of the subsequents results in this section. 

Proposition 5 Given J' C J and a face A of type J— J', then the stabilizer 
Pji of A satisfies: 

Pj, = IJ BwB. 

In particular, we have the Bruhat Decomposition of G: 

G= Y[ BwB 

As a consequence of the Bruhat Decomposition and the Axiom of Thick- 
ness, we have that BwB o BjB C BwB U BwjB and jBj ^ B for every 
j € J. All those properties are stated as postulates in the definition of 
-BA^- pairs. 

Definition 6 ATits system or BN-pair is a group G with two subgroups 
B, N satisfying: 

BNO. B and N together generate G 

BNl. W = N/T is a Coxeter group with generators J = {ji, ■ ■ ■ jn}, where 
T ■.= Br\N <N 

BN2. BjB o BwB C BwB U BjwB, for all w e W and j e J 

BN3. jBj / B for all j eJ 

The relation between the structure of buildings and i?A^-pairs is the Tits' 
Theorem: 

Theorem 7 Let A be a building where a group G acts strongly transitively, 
and let B, C and N be defined as znd The pair (B, N) is then a Tits system. 
Conversely, every Tits system {B, N) in a group G defines a building in 
which the chambers are the cosets of B and the equivalence relation is given 
by gB ~ g'B <^=^ gPj = g'Pj . Finally, the action of G is strongly transitive 
and N stabilizes an apartment. 
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3 Geometric Realization of Buildings 



When the Coxeter group is an isometry group of a space we can give a geo- 
metric interpretation to the Coxeter Complex and the associated building. 

3.1 Spherical Buildings 

Let y be a finite-dimensional real vector space with an inner product, H CV 
an hyperplane and a an unit normal vector to H. The reflection with respect 
to H is the linear transformation defined as sh{v) = v — {v, a) a. 

A finite group W of linear transformations of V is called a finite reflection 
group if it is generated by reflections sh, where H ranges over a set H of 
hyperplancs. In other words, W is a discrete subgroup of the orthogonal 
group 0{V) which is generated by reflections. 

We say that a finite reflection group W is essential relative ioVifW 
acts on V with no nonzero fixed points. Given a finite reflection group W 
and Vo its space of fixed points. It is clear that any subgroup W stabilizes 
Vq and its orthogonal complement Vq - and W is essential relative to Vq - . 

A finite reflection group {W, V) is called reducible if V decomposes as 
V V" with V and F" proper, VF-invariant subspaces, i.e., W{V') C V 
and W{V") C V". 

Let = {an = { ,a) : H € H} the set of all linear functionals associated 
with H eH. To each function (f) : ^ {+1, —1}, we associate the set: 

C^ = {xeV: <p{x) ■ fix) > 0, V/ G J^} 

The chambers are the non-empty C^. The chambers form a partition 

of V\{H G Ti.} into disjoint convex cones. 

A set B is called a face of A if its the intersection of with a subspace 
of the form Sr = {x & X : f{x) = 0, V/ G T C H}. In this case we write 
B < A. A wall is a maximal proper face. 

A Coxeter complex E is called spherical if it is isomorphic to the com- 
plex associated to a finite reflection group. Considering the intersection of 
apartments, chambers, walls and faces with the unit sphere of V we get the 
geometric realization of the spherical Coxeter Complex. A building A5 is 
called spherical if its apartments arc spherical. 

The diameter of a spherical building A5 is finite, and equal to the diam- 
eter of any apartment. Two chambers C, C in a spherical building A5 are 
said to be opposite if d{C, C) = diam(A). 
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3.2 Euclidean Buildings 

Let F be a finite-dimensional real vector space with an inner product. The 
isometry group of V is the semidirect product 0{V) ix V. An afHne reflection 
group is a discrete subgroup of 0{V) K V that is generated by reflections 
in affine hyperplanes. 

We define H = {H : sh e W} and = {uh : H e Ti}. We can then 
define the chambers for the affine reflection group in a similar way as we did 
for the finite reflection groups. In the afhnc case the chambers arc bounded 
and they are the open Dirichlet domains for the action of W in M". 

Henceforth, we let Co be a fixed chamber (referred to as a fundamental 
chamber) and let J be the reflections in the walls of Cq. 

Proposition 8 1. The action ofW is simply transitive in the chambers. 

2. W is generated by J. 

3. (W, J) is a Coxeter Complex. 

4. There exists x & V such that the stabilizer Wx is isomorphic to a finite 
Coxeter group W. 

5. ~ Z"k W, with n being the dimension ofV. 

A point x gV such that Wx is isomorphic to W is called special point. 

An abstract Coxeter complex S is called Euclidean if it is isomorphic to 
the complex |S| associated to an affine reflection group. The complex |S| is 
called the geometric realization of the complex S. We can choose a norm 
in the vector space V such that every chamber has diameter 1. This norm 
is called the canonical norm and with it every simplicial isomorphism 
: E — > E' induces an isometry \(f)\ between the corresponding geometric 
realizations, \cf>\ : |S| 

Let |S| be the geometric realization of a Euclidean Coxeter complex, and 
let H be the associated set of hyperplanes in V. Fix x and let H be the 
set of hyperplanes through x and parallel to some element of Ti.. The set 
H is finite. Let = |a// = { ,a) : H G 7Y} the set of all linear functional 
associated with H G H. Given a function ^ : ^ — > {+1, —1}, we associate 
the set: 

A^ = {yeV: ^{x)f{y - x) > 0, V/ G J^} 

The sectors are the non-empty A^. The sectors form a partition of V 
into disjoint convex cones. Given sectors A and ;B, v4 is called a subsector 
oiBiiA(zB. 
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A set B is called a face of A if its the intersection of with a subspace 
Sr = {y e X : f{y - x) = 0, yf e T C Ti}. In this case we write B < A. 
A wall is a maximal proper face. These cells will simply be referred to as 
conical cells based at x. Clearly if ^ is a sector based at x, the set .4 — x + y 
is a sector based at y. 

A building is called Euclidean if its apartments are Euclidean. A 
geometric realization \Ae\ of a Euclidean Building is a building such that 
each apartment S is a afiine Coxeter complex. 

3.3 The Geometry of Euclidean Buildings 

Euclidean buildings have interesting geometric properties and can be thought 

of as either an n— dimensional generalization of trees and some kind of sim- 
plicial countcnparts of symmetric space of non-positive curvature. 

We start by defining a very special metric in the geometric realization 
I A£;| of A^;. Given two points x,y G | A^;] , the axiom (Bl) of buildings says 
that there exists a apartment S containing x and y. This apartment can be 
endowed with a metric under which any chamber has diameter. Let dY,{x, y) 
denote the distance of x and y in this metric. The canonical metric is 
then set to be: 

d{x,y) = d-E{x,y) 

A curve j : I ^ \Ae\ from the unit interval / to the metric space \Ae\ 
is a geodesic if there is a constant A > such that for any t G I there is a 
neighborhood J of t such that for any ti,t2 & J we have: 

ci(7(ii),7(i2))=7|ii-i2| 
The length of a curve 7 is defined as 

L(7) = sup |^d(7(tj),7(ii_i)) : n G Nand a = to < h < ■ ■ ■ < tn = . 

A rectifiable curve is a curve with finite length. 

In a metric space {X,d), the induced intrinsic metric, di{x,y) is the 
infimum of the lengths of all paths from x to y. The length of such a path 
is defined as explained for rectifiable curves. We set di{x, y) = 00 if there is 
no path of finite length from x to y. If d{x, y) = di{x, y) for all points x and 
y , we say {X, d) is a length space or a path metric space and the metric d 
is intrinsic. The geometric realization |Ae| with the canonical metric is a 
length space. 
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Proposition 9 ( [Ga] pg. 194) Let a morphism f : Ae A'^ of Eu- 
clidean buildings be given. Then \f \ : \Ae\ I'^eI' is an isometry between 
the corresponding geometric realizations. 

The geometric realization \Ae\ with the canonical metric is a CAT{0) 
space. This means that the curvature of such spaces is smaller or equal 
to zero, that is, the triangles in such spaces are thinner than in M? in the 
following sense: 

Given three points x, y, z in a metric space X, a comparison triangle 
A in MP is a triangle with vertices x, y, z such that 

d{x,y) = d{x,y), d{y,z) = d{y,z) and d{x,z) = d{x,z) 

A metric space X is called a CAT(O) space if for any geodesical triangle 
A in X and A a comparison triangle in M^. We have that d{x,y) < d(x,y) 
for any x,y € A. 

A complete CAT{0) space is called a Hadamard space. The geometric 
realization |A£;| of A^; is a Hadamard space (see |Gaj p. 197). From now 
on, a CAT{0) space means a complete one. 

The CAT{0) inequality implies the following properties of the building 

1. Any two points x,y are joined by a unique geodesic segment, which 
varies continuously in its endpoints x,y; 

2. Metric balls are convex and contractible; in particular it is a simply 
connected space and all of its higher homotopy groups are trivial; 

3. A flat |A| is a set that is isometric to some i?". Every maximal flat is 
an apartment and vice-versa. So we have a geometric description of 
the apartments in the geometric realization \Ae\. 

4. The apartments are convex and every geodesic is contained in an apart- 
ment. A geodesic is called regular if it is contained in only one apart- 
ment. 

3.3.1 The Building at the Infinite 

Given X a locally compact CAT{0) space, two geodesic rays a{t) and 7(t) 
are called asymptotic if there exists a constant c such that d{a{t), 7(t)) < c 
for all t > 0. This define an equivalence relation on the set of asymptotic 
rays we define the ideal boundary dooX or simply dooX as the set of 
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equivalence classes of asymptotic rays. The union X U dooX is denoted by 
X. Given x ^ X and ^ € d^X, there exists a geodesic ray 7 starting at x 
and such that 7(00) = ^. This ray is denoted by ^x,£, 

We introduce a topology at X = XU^oo^ using as base to this topology 
the open sets of X and the following opens sets: 

U{x, ^,R,e) := {z el( : z ^ B{x, R) and d {ax,z{R),crx,^{R)) < e} 

with X G X,^ G dooX and R, e real positive numbers. This topology is 
knwon as the Busemman topology and it does not depend on the choice 
of the base point, and it turns X into a compact space with X open and 
dense in X, known as Busemman topology compactification. 

A fundamental fact of the topology we have just defined is that given a 
isometry 7 of a complete CAT{{)) space, the natural extension of 7 to X is 
a homeomorphism. 

The compactification of the geometric realization of A^;, doo{\^E\)i can 
be endowed with a spherical building structure: 

Given a conical cell c G | A^; | , it defines a simplex at infinity (or ideal 
simplex) Coo as the set consisting of all equivalence classes 7(00), where 7 
is a geodesic ray contained in the conical cell c. Given an ideal simplex u, 
we denote by Ccr,x the unique conical cell based at x such that Ca^xioo) = a 

Given two ideal simplices a, a' C dooX, we say that a' is a face of a if 
the conical cell Cq-'^x is a face of c^^x for some (and hence all) x G X. In that 
case we write a' < a. This defines an order relation that turns 9oo(|A^[) 
a geometric realization of a spherical building. This is stated in the next 
theorem and is the key to the study of control sets in this work. 

Theorem 10 ([Ga] p. 279) Consider the ideal simplex structure doo{\AE\) 
The face relation is well defined and the poset of ideal simplices of doo{\AE\) 
is the geometric realization of the spherical building associated with \Ae\, 
i.e., doo{\A.E\) = IA5I. Moreover, the apartments o/9oo(|A£;|) are in bijec- 
tion with the maximal system of apartments 0/ | A^; j . 

4 Algebraic Groups over Local Fields 

Basic bibliographic reference for this section is |Hu| . In the first subsection 
we introduce only notation, taking for granted all definitions. 

Let A: be a field with char(/c) = 0. An ultrametric norm in a field k is 
a function | | :A; ^ that satisfy 

1. Ixl = <^ X = 
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2. \xy\ = \x\ \y\ and |1| = 1 

3. |x + ?/| < max{|x| , 

The last inequality is called ultrametric inequality or strong trian- 
gular inequality. 

A field with a norm that satisfies the strong triangular inequality is said 
to be an ultrametric field or Archimedean field. A field is said to be 
complete if it is complete in the topology induced by the norm. 

A local field is a complete, locally compact ultrametric field. 

The p-adic field are the paradigmatic examples of local fields. In what 
follows, we assume that k denotes a local field. 

A norm in a local field is induced by a valuation f : fc* 1-^ Z, in the sense 
that = e~'"^^\ Let A <zkhe the subring of elements with v{x) > and 
let vr G A; an element such that v{it) = 1. The quotient field A/nA is called 
the residue field of k with respect to the valuation v (norm |-|). 

4.1 The spherical building of a algebraic group 

Let G be a linear algebraic group of dimension n over a field k and the 
connected component of the identity element Id G G. An algebraic group 
T over k is a torus of rank n, if T becomes isomorphic to (GLi)" after the 
extension of the base field to the algebraic closure k. A torus is split if it 
is isomorphic over k to (GLi)". 

A subgroup H C G is called parabolic when G/H is a complete variety. 
A Borel subgroup P is a minimal parabolic subgroup. We choose a Borel 
subgroup P which contains a maximal split torus T. Let Afsph denote the 
normalizer of T in G. 

Theorem 11 ([Hu],|Bo]) The triple {G,P,Msph) is a BN -pair to which 
we can associate a spherical building A5. 

The following remarkable results can be seen as consequences of the 
previous theorem 

Proposition 12 \Bro\ p. 110](Bruhat Decomposition) Each double class 
PgP , g & G can be written as PwP , w . Also, we have that mapping 
w — > PwP is a bisection of the Weyl group onto the double class PgP, with 
geG. 

Proposition 13 fUB, p. Ill] If gP^^g'^ = P^^ then I^ = I2 = I and 
geP'. 
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A decomposition of an algebraic group as a semidirect product Z xi A^, 
with Z reductive and N unipotent is called a Levi decomposition and we 
call Z the Levi factor of G. 

Proposition 14 (Levi decomposition) Let N be the unipotent radical of P 
and Zbe the centralizer of the torus T . Then 

P = Z kN 

4.2 The Euclidean building of a algebraic group over a local 
field 

The spherical building described in the previous section depends only on the 
algebraic structure of G. When the base field is a local one, it is possible to 
assign to G other BN-pair, that yields an Euclidean building for G. 

Theorem 15 ]TE\ Bruhat-Tits Theorem] Let G be a simple and simply 
connected group over a local field. Then we can associate to G an Euclidean 
building Ae through a BN-pazr, and the group G acts as the group of auto- 
morphism of Ae- 

We give a brief description of the building A e ■ Let us consider the Weyl 
group Wq of the spherical building As- The Weyl group of is an 
affine group that has Wq as its linear part: W := Wq >< Z". It acts as a 
reflection group in M" and we denote by |S| the (geometric realization of 
the) simplicial structure determined by this action of W on R". Then S is a 
basic apartment and the structure of A^; is fully determined when we state 
that the cardinality of 

adjacent(C,i) := {G'\G ~i C'}, 

independs on the chamber C and the adjacency type i and is constant equal 
to the cardinality of the residue field A/ttA of k. In other words, there is 
a prime p such that any given cell has exactly p i-adjacent cells for any 
adjacency type i. Reciprocally, considering the description of such a build- 
ing A^, it is possible to prove that the group of automorphism of A^ is 
isomorphic to G. Full details can be found in [Brot chapter 5]. 

Using the Bruhat-Tits theorem we can give the following description of 
the Euclidean building: 

Theorem 16 ( [Bro] , pag 163) The building Ae associated to a group G 
with a Euclidean BJSi-pair is isomorphic to the flag complex of the incidence 
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geometry consisting of the maximal bounded subgroups of G, where two 
distinct such subgroups P, Q are incident if and only if P CiQ is a maximal 
subgroup of P. 

The subgroups Pj' = |^ BwB of G are called parabolic subgroups. 

They are open and compact (in the non-Archimedian topology of G). 

The spherical building at the infinity associated with this Euclidean 
building coincides with the previous one, in the sense that doo {\^e\) = \^s\- 

4.3 The action of G in Ae 

Assuming the short description of the euclidean building A^; given in the 
previous section, we present now a more detailed description of the action 
of G on and the structure it determines in the group G itself. 
We define the following subgroups of G: 
Maff = stabilizer of the apartment S 
B = pointwise fixer of the chamber C 

T = MaffHB 

P = stabilizer of the chamber Cqo 
J^sph = stabilizer of the apartment 

Z = Msph^P 
The subgroup P is denominated minimal parabolic or Borel sub- 
group, and the subgroup B is the parahoric minimal, or Iwahori sub- 
group. We remark that [B,Maff) is the Tits system that originates the eu- 
clidean building and {P,Afsph) is the Tits system associated with the spher- 
ical building. 

The stabilizer of the apartment S C Ag and the stabilizer of the apart- 
ment Soo C As coincide, i.e., Maff = J^sph |(ja[ p. 259]. So the BN 
decomposition of G associated to both euclidean and spherical buildings, 
has the same N-factor and hence we write simply J\f = Maff = Msph- 

We remark also that W = M /T is the affine Weyl group and that Wq = 
M jZ is the spherical one. 

If we denote by Mtrans the subgroup of TV that acts on the apartment S 
by translations, then the Levi factor Z = N T\P oi the minimal parabolic 
P with respect to the apartment A^o is equal to the subgroup Mtrans |Gal 
p. 200]. 

A sector A with base point s contained in the apartment S determines 
a spherical chamber A°° C \As\ = d^{\AE\)- We define the semigroup Z_a. 
as the subset oi Z = M O P that sends s to a point in A and as the 
unipotent subgroup of G that stabilizes the chamber A°° of doo{\AE\)- 
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The group G admits the foUowing decompositions, that are analogous 
to the Lie case. 

Theorem 17 fRrh^ . jBmiR p. 100] 

1. (Iwasawa Decomposition) G = KZji^N , and the double classes K\G/N 
are in bijective correspondence with Z . 

2. (Cartan Decomposition) G = KZji^K and the double classes K\G/K 
are in bijective correspondence with Zj^. 

Being G be a simple and simply connected group over a local field, 
the quotient group of G by any closed subgroup can be provided with a 
structure of manifold over the local field, so in particular the flag manifolds 
are manifolds over the local field ( [Set LG.4.10 and LG.4.11] ). 

Let J be the set of generators of the spherical Weyl group Wq. Given 
I <Z J we define two special groups Wi = {ji : i £ I) and = {jk : k ^ I), 
and associate to them the parabolic subgroups Pj = PWjP and P^ = 
PW^P. It is weh known that G = {P^ , Pi) and n P/ = P. Given 
the flag manifold G/P^ and the projection G G/P^ , we denote by g the 
lateral class gP^ CG/P^. 

Let Nj be the maximal unipotent subgroup of P^ and let Nj be the 
maximal unipotent subgroup of Pj. Let a € Wq the element with maximal 
lenght, i.e., the unique element of the Weyl group Wq that a maps a chamber 
to its opposite and define = aNa~^. 

The manifold Nj ■ e can be identified with Nj because n2?T.|f € P^ iff 
ni = n2 . We will show the (well known in the real case) result which assures 
that Nj ■ e is open and dense in the non- Archimedean topology of G/P^ . 
Given w € W we define N := N (1 wNw~^ and call each N a Bruhat 
ceU. 

The function gP — > gP^ will allow us to restric to the proof to the case 
G/P with P a minimal parabolic subgroup. 

Theorem 18 (Bruhat cellular decomposition) Then the mapping rj ^ rj ■ ib 
of N in G/P is injective and G/P is the disjoint union of the cells N w, 
w eW. 

Proof. The Bruhat and Levi decompositions yield 

G = aG= y aPwP = |J aNZa'^wP= |J aNa'^wP = |J 'NwP. 
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We will use the fact that the former union is disjoint to construct a 
decomposition of G/P into disjoint Bruhat cells. 

Since wPw~^ is the stabilizer of wP in G, the stabilizer oi w = wP G 
G/P in N is NnwPw'^ = NnwNw~^ and we can therefore identify NwP 
with N/(N n wNw~'^). 

Since N = (N n wNw-'^)(N n wNw'^), it follows that NwP = N'^wP 
can be identified with N ■ w. Thus the flag manifold G/P is the disjunct 
union of the Bruhat cells N w. ■ 

The Bruhat cell ■ e is open, since it has the same dimension of G/P. 
Moreover, the Bruhat cells • w have codimension at least one and there 
are finitely many such Bruhat cells, so the cell A'' • e is also dense in G/P: 

Corollary 19 The open cell N ■ e is open and dense in G/P. 

Because of this last corollary, Nj ■ e is called the open Bruhat cell of 
G/Pi. 

Let Ae be the euclidean building associated with G and lA^I be its ge- 
ometric realization. As we mentioned, the ideal boundary of \Ae\ is the ge- 
ometric realization IA5I of the spherical building. Moreover, \Ae\ is (open) 
and dense in the Busemman compactification 

jA^l = \Ae\ U IA5I = \Ae\ U 5oo (IAbI) . 

We define d^o (Ag) as the set of barycenters of cells in | A5I. This is a formal 
definition and clearly the set doo (Ae) has a structure of spherical building. 
If we consider the bary center of each geometric cell in \Ae\, we find that the 
barycenter of cells in | A5I are the acumuUation points of barycenter of cells 
in \Ae\. Hence we can define the (non-trivial) Busemman topology on 
the spherical building A5 as the topology defined in doo {Ae) as a subspace 
of^. 

We can associate to every simplex S an parabolic group P^ and a 
parabolic type /, so that we can define a mapping: 

TT : doo{AE) U G/P' 

ICJ 

■.S^P' 

The mapping tt can be decomposed in a family of mappings tt®, such 
that 

7r« : dU^E) ^ G/P' 
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with OI^^Ae) being the inverse image 7r^^(G/P^). The simphces in d^{AE) 
are cahed the simplices of /—type in 9oo(Ae). 

We note that G acts transitively on 9^ {^e) (or equivalently A®) and 
hence may be identified wit G/P and so we can give ^^(A^;) the quotient 
topology, called the ultrametric topology. 

Proposition 20 The topological spaces df^{AE) with the Busemman topol- 
ogy and G/P with the ultrametric topology are homeomorphic. 

Proof. The group G acts continuously and transitively in d^{AE) with P 
stabilizing a chamber, so we have a continuous bijection vr : G/P — > ^^(A^;) 
However, since ^^^(A^;) is compact, vr must be a homeomorphism. ■ 

The compactness of the flag manifold G/P is a direct consequence of the 
previous lemma (compare with [Ma^ p. 55]). At long last, we can conclude 
that: 

Proposition 21 Given a chamber G in d^{AE), N be the maximal unipo- 
tent group fixing C and N the maximal unipotent group fixing the opposite 
chamber —C, the orbit N ■ G is open and dense in d^{AE)- 

4.4 The action of G in lA^I 

From here on, whenever needed, we will always assume (and it will be clear 
from the context) as a basic assumptions that G is a simple and simply 
connected group over a local field and A e its associated Euclidean building. 

As we know (Section 13. 3p . the geometric realization [A^;! of the building 
A^; is a GAT{Q) space, in which G acts as an isometry group. We start 
stating some fundamentals properties of isometrics of GAT{{}) spaces. 

The displacement function dg : X ^ of an isometry g is defined 
by dg{x) = dg {g{x),x). The translation length of g is the number \g\ := 
inf {dc,(x) : x £ X}. The set of points x such that dg{x) = \g\ is denoted by 
Min (g). 

An isometry g is called semi-simple if Min (g) is non-empty. 
Proposition 22 fBGS[ chapter 2] With the notation above established: 

1. Min ((jr) is g invariant; 

2. If h is a isometry of X, then \g\ = | and lAm.iyhgh^'^^ = 
/iMin {g); 

3. Min {g) is a closed convex set. 
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The isometries can be classified as 

1. elliptic if g lias a fixed point; 

2. hyperbolic if dg attains a strictly positive minimum; 

3. parabolic if dg does not attains its minimum (in other words, if 
Min(5) = 0). 

Proposition 23 \BGS[ chapter 2] 

1. An isometry g of \Ae\ is hyperbolic if, and only if, there is a geodesic 
7 : M — > |A£;| which is translated non-trivially by g, namely, there is 
a > such that g • ^ {t) = j {t + a), for every t G M. Such a geodesic 
is called an axis for g. 

2. The axes of a hyperbolic isometry g are parallel to each other and its 
union is Min (g) 

A hyperbolic isometry h of an Euclidean building is said to be regular 
if every axis of h is contained in just one apartment. 

Lemma 24 Let {Sj} be a family of apartments that contains an axis 7 of 

h. Then U := |J Sj and / := P| are both invariants under h in the sense 
that hU = U and hi = /. In particular, if h is a regular hyperbolic isometry, 

i. e., every axis of h is contained in just one apartment, this apartment is 
invariant by h. 

Proof. Let Ej be an apartment containing the axis 7. Then /lEj is an 
apartment containing 7 since h leaves 7 invariant. 

The family {Ej} is finite (in the case of a local field) and since his a bijec- 
tion, we see that h acts as a permutations of the family {Ej}. Consequently, 
we have 

hU = IJ/iEi = (jEi = U 

and 

hi = p|/iE, = p|Ei = / 
whence they are both invariant under h. ■ 

Proposition 25 Let {Ej}*L]^ be a collection of apartments in \Ae\, IA[ := 
nEj be a flat in the euclidean building \IS.e\, and h a hyperbolic isometry of 
|A| that preserves the simplicial structure o/|A|. Then: 
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1. There exist a hyperbolic isometry h of \IS.e\ such that h\\^ = h. 

2. -(/ |A| is not a maximal flat (i.e, an apartment) then any two such 
extensions hi,h2 differ by an element ofW\^, i.e., hi{h2)~^ G ^|A|; 
where S is an apartment containing [A| and W\\\ stand for the sub- 
group of G that fixes |A| pointwise. 

3. If |A| is a maximal flat this extension is unique. 

Proof. Let S be a maximal flat containing |A|. The flat S is isometric 
to M", with n the rank of the building, and therefore [A[ is isometric to 
a subspace of M". We write S = |A| © |A|^, where lAI"*" is the orthogonal 
complement of |A| in S. Given a decomposition x = xi+X2 with xi G |A|and 
X2 € lAI"*", the map h x = hxi + X2 is an isometry of S that extends h and 
preserves the simplicial structure of S. Now to extend h to jA^;!, consider 
C a chamber in S and h{C) its image. The second and third axioms of 
buildings (Definition U]) assure the existence of an isometry h of |A£;| such 
that h[C) = h(C) and ) = S. This isometry satisfies /i||a| = h. 

By definition, we have that /ii(/i2)~^||A| is the identity, and so, /ii(/i2)~^ G 
Ty|A| • In particular, if | A| = S is a maximal fiat we have that the composition 
hi{h2)~^ fixes the apartment S pointwise and the uniqueness is established. 
■ 

In a way analogous to the real Lie group case we have that 

Ht. '■= {h ^ G : hTi = T,,h hyperbolic} 

is a maximal torus (page [T5]) and an isometry is regular if and only if it 
is contained in a unique maximal torus. If we consider the action of the 
Weyl group W on an apartment we can give another characterization of the 
regularity of h. Let 7 be an axis of h and S an apartment containing 7. 
Given an hyperplane P C S, we denote by sp the refiection in P . Consider 
the set of hyperplanes that determine refiections in W: 7i = {P : sp € W}. 
Considering the action of on S, an hyperbolic isometry h is of type G if 
h has an axis invariant by a special subgroup Wq, with W@ a maximal spe- 
cial subgroup with this property. The set := {h £ Hy, : /i is of type 0} 
determines a decomposition = Uqci^^ (disjoint union) with hav- 
ing the dimension of Hj^ and dimH^ < dim//® whenever Q' ^ Q (details 
can be found in [Huj). In a similar way, given a fiat |A| in |Ae| we define 
-fTlAI := {h e G : h\A\ = \A\ , h hyperbolic} 

Considering any isometric identification of a fiat |A| with the vector 
space M", we fix xq G |A| and associate to each hyperbolic isometry h a 
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vector Vh = h{xo) — xq, and denote Vh^^^ '■= {vh '■ h G -ff|A|}' The action of 
Z in Vf/|^| defined by nvh = turns Vh^j^^ into a Z— module. To each set 
of hyperbolic isometries K C -f^|A|) we associate a vector space Vk spanned 
by {vfi : h G K}. Since the action of W is irreducible, it follows that |A| 
= {vh:he i7|A|). 

Up to the moment we studied the action of hyperbolic isometries on 
single apartments or flats. Now we want to characterize the action of regular 
hyperbolic isometries in the Euclidean building and in the spherical building. 

We stress that, henceforth we consider only buildings associated to a 
simple and simply connected group G over a local field and hence, all isome- 
tries of the associated buildings will be considered to be automorphisms of 
the building (contained in G). 

In all that follows, we use equal symbols to designate a simplex of the 
Euclidean building \Ae\ or of its associated spherical building 9oo(|Ab|), 
the sole distinction being that the latter are in boldface. 

Let h he a regular hyperbolic isometry, |A| the apartment invariant by 
h and |A| = |A|^ the apartment in the spherical building (9oo(|Ae|) that is 
the boundary of the apartment |A|. The main attractor of a hyperbolic 
isometry h is the point ^ G 9oo(|A|) such that —>■ ^ for all x & X. 

If h is regular, there is a unique open chamber at the infinite containing 
^, denoted by C(^). The main attractor of is called the principal 
repulsor of h, denoted by — ^ and C(— is the chamber opposite to C(^) 
in |A|, where |A| is the invariant apartment of h. 

The main purpose of this section is to understand the behavior of the 
orbit of an element r) G 5oo(|A|) under the action of a regular hyperbolic 
isometry h. 

Our first observation is that when rj is in the apartment invariants by h, 
i.e., r) G |A| =doo{\M)i action of ^ in is trivial: hrj = rj. So we can 
restrict ourselves to the case rj ^ |A| . Next we consider an apartment |A|' 
(not necessarily unique) containing 77 and In such a case, we have 

h\r,) G 5oo(^'=(|Ar))\5oo(^'=(|A|)) = d^ih\\A\'))\d^i\A\) 

since |A| is /i-invariant. 

To give a more accurate description of the orbit we will study the behav- 
ior of some geodesic segments that converge to the points 77 and ^. In our 
approach, we will focus on the Euclidian building, the corresponding results 
for the spherical building being obtained by "projecting at infinity". 
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Lemma 26 ( |Bro| . pag. 176) If two apartments |A| and \A\' have a com- 
mon chamber C at infinity (C G |A[ fl |A['), then |A| n |A|' contains a sector 
S such that doo{S) = C. 

Lemma 27 Let h he a regular hyperbolic isometry, and ^ and its main 
attractor and repulsor, respectively. Let |A| be the apartment invariant by h 
and 5 C |A| a sector with € doo{S). Then h^S is a family of increasing 
nested sectors, in the sense that h^{S) £ h^+^{S). Moreover, given x in the 
interior of S and 7 a geodesic ray starting at x and not entirely contained 
in S, the length L['~^\f^k (^g-^) of the segment of 7 contained in h^{S) grows 
linearly. 

Proof. Since |A| is invariant by h and |A| is isometric to M", we translate the 
problem to an euclidean setting in the which S" is a (simplicial) cone h acts as 
a translation hx = x + Vh where —Xvh € "S* for every A > Aq for some Aq > 
and 7 a staight line passing throug points yo and yi with £ int S and yi ^ 
S. In this setting the problem becomes an elementary euclidean question 
and it is easy to see that h''{S) ^ h''^^{S) and L(7|^fc(5.)) = kd{xo, hxo) for 
aU xo G |A|. ■ 

Given a point xq in the interior of S, an hyperbolic isometry h £ G and 
a point r] G doc {\Ae\) and an integer k we define 7'^(t) as the geodesic ray 
that starts at xq and such that 7^^(00) = h^{ri). 

Let a be the geodesic ray entirely contained in |A| with initial point 
xq and that is parallel to the segment 7'^||a|- initial segment of a 

{{a (t) : < t < A} for some A > 0) coincides with an initial segment of 
7*^ and in some point they fork as in a tree, with a being prolonged in |A| 
and 7^ being prolonged in |A|'. The same happens with a and 7^^, with the 
difference that 7^^ is prolonged in h^{\K\l). The lemma below describes the 
growth of this intersection 

Lemma 28 Let a and be defined as above. Then, the intersection of a 
and 7*^ is a geodesic segment whose length grows linearly 

Proof. By construction we know that o" fi 7^^ = a n S. Now we prove that 

(7 n7^ = cr n h{S). 

Consider the geodesic segment h^^. This segment passes through /i(xo) 
and h{r]), and is contained in /i(|A|'). Also, h^^ n |A| is parallel to a. 

Now let / be the geodesic contained in /i(|A|') that is parallel to hj^ and 
passes through xq. The segment /n|A| is parallel to a, i.e., ad^^ = arih{S). 
By the same argument we conclude that o" n 7^^ = u n h^{S) and, by the 
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previous lemma, we find that the length of this intersection grows linearly, 
i.e., 

L(o- □7'') = L{a n 7°) + kd{xo, /ixq), Vxq G |A| . 

■ 

Now we can state our main result describing the asymptotic action of 
hyperbolic isometrics. 

Proposition 29 Let h be a regular hyperbolic isometry, |A| its invariant 
flat and ^ its main attractor. Let G = KZN be the Iwasawa decomposition 
defined by and \A\ (N^ = ^ and h ^ Z). Let N be the unipotent group 
that fixes Let C{r]) £ df^{AE) be a chamber and C{r]) = nwoC{^) G 
^^(A^;), with wq £ W and n N its expression relative to the given Iwa- 
sawa decomposition. Then: 

lim h^nwQC{i)=WQC{i) 

A;— >oo 

Proof. Given C{vi) = nwQC{^) and — C(^), there is a flat |A|' C |A£;| 
such that C{ri), —C{^) G |A|' := dec (|A|'). Let |A| be the invariant flat of 
h and |A| :=5oo(|A|). Since — ^ G |A| n |A| , Lemma [26] assures that the 
intersection of |A| and |A|' contains a sector S such that doo{S) = C(— ^). 

Given xq G int S let a be the geodesic ray with initial point at xq such 
that fj (00) = nvjQ^ and for each integer k define the 7'^(t) as the geodesic 
ray with 7^^ (0) = xq and 7'^ {00) = h^{j]). 

The rays 7^^ and cr coincide in the intersection of the apartments |A| fl 
/i^(|A|') that increases linearly (by Lemma [28]). Then, [Bri, Proposition 
8.19, pg. 268] assures this characterizes the convergence in the topology of 
Busemann, and we have that 

lim h^nwQ^=WQ^ 



5 Semigroups and Control Theory 

In this section, G denotes a simple, simply connected algebraic group over 
a local field. We remark that the group G is also a Lie group over a local 
field with the ultrametric topology {G,tu). Our main object of study are 
the semigroups S C G with non-empty interior in the ultrametric topology. 

Let ^ G doo{AE) be a regular point in the spherical building and C(^) 
the unique chamber that contains By Proposition 1201 we can identify the 
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chambers in doo{AE) with the points in the maximal flag B and so, by abuse 
of notation, we write that C(^) G B, or that ^ G B. 

Given ^ E B, we denote by B(^) the open Bruhat cell containing ^ . 

Proposition 30 If a semigroup with non-empty interior S G G contains 
a hyperbolic isometry of Ae, then S contains a regular hyperbolic isometry 
in its interior. 

Proof. Since the simplicial structure of A^; determines a discrete metric, the 
infimum of a translation function is attained, and so there are no parabolic 
isometrics in G. So we can assume g € int(5) as being a elliptic isometry. 
Let X be a point fixed by g and be the maximal compact subgroup 
fixing a;.(This subgroup is a compact open subgroup of G\ |TB| ) then 
g £ Sx = int(5) n Kx, and so Sx is a non-empty sub-semigroup of Kx- 
Since Kx is compact it follows that Sx is a open subgroup of Kx- Now, 
given a hyperbolic isometry h G S since g € Sx and Sx is a subgroup the 
isometry ghg~^ is hyperbolic in the interior of S. The existence of a regular 
hyperbolic isometry follows then from the usual dimension arguments ■ 

Unlike the real case, there are semigroups with non-empty interior that 
do not contain any hyperbolic isometry. 

Proposition 31 If a semigroup with non-empty interior S C G contains 
nothing but elliptic isometrics, then S is an open subgroup of G. 

Proof. By the previous argument, S contains the inverse of any elliptic 
isometryg G int(iS). Therefore int(5) is an open subgroup of G. If s € S, 
and g G int(5), then gs G int(5) . But g~'^ G int(5) so that s G int(5). ■ 

We assume henceforth that 5 C G is a semigroup of non-empty interior 
that contains a hyperbolic isometry. 

Let h G int(5) be a regular hyperbolic isometry and r/ its main attractor. 
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Lemma 32 Let ^ € B and B{r]) the Bruhat cell based at rj, then exists 
g S such that G B{r]). 

Proof. The proof is an immediate consequence from the fact that B{r]) is 
open and dense on B. Let ^ G B and A C int(5) be a open set. Then, A^^ is 
open and intercepts the Bruhat cell B{r]) that is dense in B, i.e., 3g E int(5) 
such that g^ ^ B{ri). ■ 

The flag manifold B is a compact space ( |Ma[ pag. 55]) and so the 
theorem ?? yields the existence of an invariant control set in B for the 
action of S. The following result assures the uniqueness of such a control 
set in B 

Theorem 33 Let S d G he a semigroup with int(5) ^ and that contains 
a hyperbolic isometry. Then the invariant control set in B for the action of 
S is unique. 

Proof. We will prove that there exists r/ such that rj G cl(5^) for all ^ € B, 
i.e., r/ G Pi c1(5^). . Let be a main attractor for a regular hyperbolic 

isometry h G int(5). By the previous lemma we can assume that G B{rj). 
So we have that lim h^{^) = rj, for all ^ G B{r]) and r] G cl(5^) for all ^. 

Clearly this implies the uniqueness of the invariant control set. ■ 

We denote by D the unique invariant control set in B and by Dq its set 

of transitivity. 

We will now characterize the others control sets in B. 
We define 

H = {/i G int(iS) : h is a regular hyperbolic isometry} 

Given a regular hyperbolic isometry h, there is a single apartment that 
contains the axis of h and a corresponding Iwasawa decomposition G = 
KAN. The set of chambers in the spherical building fixed by h is in bijection 
with W, so we can associate to each of these chambers a t(;-type(which 
depends on the choice of h) We will denote by b{h, w) the point fixed by h 
of w-type . 

Proposition 34 Let {Di)o := {h{h, 1) : /i G H}. Then {Di)q = Do- 
Proof. Since (-Di)o is the set of main attractors we have that (-01)0 is 
contained in Dq. To prove the other inclusion, we consider r] = b{h, 1) G Dq 
with h G int(5) a regular hyperbolic isometry. Given ^ G Dq exists si,S2 G 
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int(»S) such that siij = $, and S2$, = ri, because Dq is the set of transitivity of 
D. Now we consider /i2 = sih'"'S2- The following lemma proves that si^"'S2is 
a regular hyperbolic isometry for sufficiently large n. ■ 

Proposition 35 //^ is the main attractor of a regular hyperbolic isometry h 

and si,S2 are such that S2S1 belongs to the parabolic subgroup that stabilizes 
^, then si/i"s2 is a regular hyperbolic isometry for sufficiently large n . 

Proof. Let g = S2S1, then sih"s2 = sih^gs^^. So it is enough to prove 
that h^g is hyperbolic when g is an isometry fixing the main attractor ^ of 
h. 

Let |A| be the flat left invariant by h and |A|' = g\A\, S be a sector in 
|A| n |A|' and S2 = g~^S n S, so we have gS2 C S. 

Since S2 and §82 are sectors in |A| containing ^, we have that, for n 
large enough, h'^gS2 C S'2, i.e., h^g is a regular hyperbolic isometry. ■ 

Theorem 36 For every w E W there exists a control set Dy, in M, whose 
set of transitivity is 

{D^)o = {b{h,w) -.heE} 
and these are all the control sets in B. 

Proof. The theorem will be proved in three steps. 

In the first step we will prove that for any control set D' there exists a 
fixed point of w-type b{h, w) in D', for some regular hyperbolic isometry h. 

In the second step we will prove that, given two points with the same 
w-type ^ = b{hi,w) and rj = b{h2-w); with w G W and hi,h2 € H, then 
^ G cl(5r/) and 7] € cl(5^). Therefore, by Proposition ??, (-Du,)o is contained 
in the transitivity set of a control set Dyj. 

At last, we will prove that (-Dtj,)o := {b{h,w) : /i G H} is the set of 
transitivity of Du,. 

(1) Given a control set D' and r] E D', let P be the isotropy group of 
T]. If 77 G Dq then P fl int((S) 7^ 0. The subgroup P admits an Iwasawa 
decompositions as P = MAN'^. The subset 

a = {m e M : 3hn G AA^+with mhn G int(5)} 

has non-empty interior in M, since M normalizes AN. The fact that M is 
compact implies that cr is a subgroup of M. So int(5)n^A^^ ^ 0, and hence 
there exists a regular hyperbolic isometry g G int(5) such that grj = rj. In 
particular, 77 is is a fixed point of w-type for g. 
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(2) Given ^ = b{hi,w) and r] = 6(/i2,u;), if = 6(/i2,l) then 
b{hi,w) is in the same Bruhat ceh that as b{h2,w), so hm„^oo(^2)"'^(^i) f^) = 
b{h2,w). If b{hi, 1) / 6(/i2, 1), the Proposition [Ml assures that exists si G 5, 
such that sib{hi, 1) = 6(/i2, 1) since (-Di)o is a transitivity set, and thereby 
we reduce to the previous case. 

(3) Now we will prove that for any control set D' its set of transitivity 
is {Dw)o for some w. Let r] = b{g,w) € D' be the attractor of w-type in D' 
whose existence was proved in (1). 

Given ^ € Dq, we have si,S2 € int(5) such that si-q = and S2C = ??• 
Then /12 = sig'^S2 is a regular hyperbolic isometry and ^ = 6( sih'^S2,wi). 
Thus D^t, is the set of transitivity oi D' . ■ 

5.1 Subgroup W{S) 

In the previous section, we proved that any control set for 5 in B is of the 
form for some w (zW . 

We now turn to the problem of determining when two such control sets 
D^, D^i coincide. To start with, define a subset W{S) of W by the rule 

W{S) = {w eW : D,^ = Di} 

By its definition, 14/'(S') depends on the choice of a chamber C"*" in the 
apartment |A| C9oooo(^) which we fix once and for all. (Notice that if we 
had chosen the chamber = gC'^ instead of C"^, then 

w G W{S,C+) ^ gwg-^ G W{S,gC+). 

so that conjugation by g defines an isomorphism between W{S,C^) and 
W{S, gC^) , which does not depend on the choice of g taking C+ to gC^ 
since any two such elements differ by an element that fixes pointwise the 
chamber C+. 

From now on, let 60 be the image in G B of the chamber C"*" (used to 
define W{S) = W{S,C+)). 

Lemma 37 Given 69 G (^i)o Then are equivalent: 

1. we W{S)- 

2. wbo G {Di)q, with w being a representative of w in M* , and W = 
M*/M. 
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Proof. Let bo G (^i)o; G W{S) and w he a representative of w in M*.By 
the characterization of {D^), wbo G (1)^)0, i.e., t()6o G {Dw)o = (-01)0. 
As for the converse, by definition any w € W{S) is such that = Di, 
hence (-D«,)o = {Di)q. However (-D^)o = {b{h,w) : h G E} and therefore 
wbo e (-C«,)o- ■ 

Proposition 38 W{S) is a subgroup ofW. 

Proof. Let b G (-Di)o, wi and W2 G 1^(5) and wi and it;2 they represen- 
tatives in M* . By the Lemma [371 wi b G (Di)o. Another apphcation of [371 
for wib ahows us to conclude that {wiW2{'Wi)^^)wib G -Do and therefore 
wiW2b G -Do- Hence W{S) is a semigroup of W, but since W is finite T^(5) 
is a subgroup. ■ 

is not only a subgroup of W, but a Weyl subgroup of W, i.e., 
Ty(5) = Wq for some subset G of simple roots. 

Theorem 39 W{S) = We, for some 6 C H 

Proof. Let M = {h £ int(5) : W{S)h = h}. 

Suppose that H ^ and let /i G HI be an isometry of maximum regularity 
in H, and 6 be its type. We will show that W{S) = Wq proving that W{S) 
acts transitively in Ch = {the chambers that have /i as a wall}. 

Since h G int(5) there is a regular hyperbolic isometry he G int(5) 
whose main attractor is the chamber C (z Ch- 

So every chamber C G C/i belongs to the set of transitivity of the invariant 
control set in IB and so S acts transitively in Ch- 

Suppose now that = 0; we will prove that in this case W = W{S)- 
Let C be a chamber in the set of transitivity Do of the invariant control set 
in B and let h he a regular hyperbolic isometry that has C as its the main 
attractor. 

We denote = wh"^ and remark that all hy^ are regular hyperbolic 
isometrics for n sufficiently large. Let K he the cone and Kf^ be the lattice 
defined as follow: 

K = {'^ ayjVh^ ■- aw G M+} 

-?^^N = { ^ ayjVvhw : a«, G N} 
we.w 

Notice that is a vector space, because the absence of fixed points 
implies that Vh^ + . . . + Vh-^ = 0. And as the action of W is irreducible 
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and W{S) C W acts without fixed points we have that Kt is the whole 
apartment |A|. 

Since Kf^ C int(iS) is a lattice in K we know that for any chamber 
C G 5oo(|A|) there exists a hyperbolic isometry h' € Kfq C int((S), with 
main attractor C. Therefore W{S) acts transitively in the chambers of 
5oo(|A|). But, as W acts simply transitive in the chambers of 5tx)(|A|), we 
conclude that W{S) = W. m 

The map w —>■ D^j defined in the theorem of characterization of (-Du;)o 
it is not necessarily bijective. The following theorem says that we can 
parametrize the control sets by the lateral classes W{S)\W. 

Theorem 40 Dyj^ = D^,^ if and only ifwiW2^ € W{S). Hence the control 
sets of S inM are in bijection with W{S)\W. 

Proof. It suffices to show that {Dyj^)o = (Dyj^)o if and only if wiW2^ £ 
W{S). 

(=^) Let bo G Dq = {Di)q. By the characterization of the control 
sets, wibo G (^i)oi and by hypothesis we have (I?uii)o = (-D.u,2)o- Since 
wib € {Du,^) we have by the definition of (1)^2)0 and by conjugation, that 
{wiW2{wi)''^)~^wib G Dq, and so {w2)~^Wi G W{S). 

(^) Let b' = wibo G (Di)o . Then {w2)~^b' G -Dq, since ^2 ^^^1 e W{S). 
And {wiW2{wi)^^)^^wibQ G -Dq and consequently b' G (-0^,2)05 by the 
definition of {Dyj^)Q. m 
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